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Abstract

We introduce a scheme of control polygons to design topological skeletons for vector fields of arbitrary topology.
Based on this we construct piecewise linear vector fields of exactly the topology specified by the control polygons.
This way a controlled construction of vector fields of any topology is possible. Finally we apply this method for
topol ogy-preserving compression of vector fields consisting of a simple topology.
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1. Introduction

The topology has been proven to be one of the most signif-
icant features of a vector field. It describes the global be-
havior of the vector field in terms of only a limited number
of items. Hence the treatment of the topology is a popular
approach in vector field visualization.

8 introduced topological methods to vector field visualiza-
tion by extracting and visualizing the topological skeleton of
vector fields. Unfortunately this approach can only treat vec-
tor fields with a simple topology (i.e. consisting only of first
order critical points).

In the last few years research has been done on the treat-
ment of vector fields containing higher order critical points.
In 15, higher order critical points are represented in Clifford
algebras. This way higher order critical points of any index
can be exactly represented whereas the number and order
of the sectors of different flow behavior around the criti-
cal point could hardly be controlled. Another approach of
representing higher order critical points can be found in 29,
There the critical points are represented by a piecewise lin-
ear vector field with the critical point in a vertex of the un-
derlying triangulation. In 16 higher order interpolation tech-
niques for vector fields are applied. This way higher order
critical points may appear but their topology can hardly be
controlled.
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Generaly the research in visualization of higher order
critical points suffers from the following problem: given a
vector field with higher order critical points, reliable algo-
rithms to extract their exact topology seem not to exist. In
fact, these vector fields can be described in a piecewise poly-
nomial form of adegree larger than 1. For them, thelocation
of critica points can be found only numerically. Moreover,
there seems to be no direct way to give a complete char-
acterization of the critical points (see section 2). If higher
order critical points cannot be extracted correctly, it is aso
impossible to judge if a new visualization technique is able
to represent higher order critical pointsin a correct way.

To deal with this problem, this paper introduces a new
way of obtaining vector fields: by design. While vector fields
are usualy obtained by measurement, smulation, or as a
closed form describing certain mathematical structures, we
see the following applications of adesign approach of vector
fields:

e Since we are able to construct vector fields of any higher
order topology, and this topology is known &fter the de-
sign process, the constructed vector fields may serve as
test data to evaluate the topological behavior of the vector
field visualization technique.

e Given avector field of a simple topology, the redesign of
avector field of itstopology can be used as acompression
technique for vector fields.

The approach of designing vector fields is strongly related
to the ideas of designing curves and surfaces in the con-
text of CAGD (Computer Aided Geometric Design). There
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the curves/surfaces are designed by creating a skeleton of
control polygons (for instance Bézier- or B-spline poly-
gons). This skeleton contains the relevant information of the
curve/surface in an intuitive way. See 4 for an introduction
to CAGD.

To transform the CAGD approachesto vector field design,
an obvious approach isto construct the topological skeleton
of avector field by a number of control polygons.

The rest of the paper is organized as follows: section 2
surveys the concepts of topology of 2D vector fields. Sec-
tion 3 describes how to design the topological skeleton of a
vector field by anumber of simple control polygons. Section
4 shows how a vector field of exactly the specified topol-
ogy is constructed out of these control polygons. In section
5 the design approach is applied to the compression of vector
fields. Section 6 concludes the paper.

2. Topology of vector fields

The topology of a vector field consists of two components:
critical points and separatrices. We treat these components
in the following sections 2.1 and 2.2.

2.1. Critical points

To classify a critical point Xg of a vector field v(x,y) (i.e.
a point Xg with v(xgp) = (0,0) and v(x) # (0,0) in a cer-
tain neighborhood of Xg), sectors of different flow behavior
around it have to be considered. Three kinds of sectors can
be distinguished (°):

e In a parabolic sector p either al tangent curves end or
all tangent curves originate in the critical point. Figure 1a
shows an example.

e In a hyperbolic sector h all tangent curves go by the
critical point, except for two tangent curves making the
boundaries of the sector. One of these two tangent curves
ends in the critical point while the other one originatesin
it. Figure 1b shows an example.

e Inanédliptic sector e al tangent curves originate and end
init. Figure 1c shows an example.

Figure 1: Sectors of a critical point; a) parabolic sector; b)
hyperbolic sector; c) elliptic sector (from?22).

A critical point in a 2D vector field is completely classified
by specifying number and order of all sectorsaround it. Con-
sider figure 2a for an example. This critical point consists

of 7 sectors in the following order: (h,e,h,e,p,h,h). (The vi-
sualization technique used for figure 2a (and the following)
illustrationsis called Integrate& Draw and is described in 13,
Here it is sufficient to mention that the behavior of the tan-
gent curves (stream lines) can be detected quite well in this
visualization.)

h c
a)

tangent
curve

Figure 2: a) general critical point; b) tangent curve sepa-
rating two hyperbolic sectors.

The different sectors are delimited by tangent curves orig-
inating or ending in the critical point. Figure 2b shows such
atangent curve delimiting two hyperbolic sectors.

Each critical point can be assigned with an index as

Ne — Np

= )
where ne is the number of elliptic sectors and ny, is the num-
ber of hyperbolic sectors. The index can aso be interpreted
as the number of counterclockwise revolutions made by the
vectors of v while traveling counterclockwise on a closed
curve around the critical point (the closed curve must be so
tight to the critical point that no other critical points are in-
sideit).

index =1+

The index can be considered as an overview of the com-
plexity of a critical point but does not cover the complete
classification: there are critical points with different sectors
but the same index. A further introduction to the classifica-

tion of 2D critical points and their indices can be found in
5

A critical point Xo = (Xo,Yo) in the vector field v is
called first order critical point if the Jacobian det(Jv(Xo))
= det(vx(Xg),Vy(Xo)) in Xo does not vanish. Otherwise Xg
is called higher order critical point. It turns out that for
det(Jv(xp)) < 0, thecritical point xq consists of 4 hyperbolic
sectors and has therefore an index of -1. A critical point of
this classification is called a saddle point. In this case the
eigenvectors of Jv(Xg) denote the delimiters of the hyper-
bolic areas around xq. For det(Jv(Xg)) > O, the critical point
Xg consists of one parabolic sector and hastherefore an index
of +1.

This classification of a first order critical point can be
refined by considering the real and imaginary parts of the

(© The Eurographics Association and Blackwell Publishers 2002.
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eigenvalues of Jy(Xg) which ends up in the classification in-
troduced in 8. Doing so, afirst order critical point of an index
+1 is either an attracting/repelling node, attracting/repelling
focus, attracting/repelling star, or a center.

2.2. Separatrices

Separatrices are tangent curves (i.e. curves with the property
that tangent direction and direction of the vector field coin-
cidefor any location of the curve) that divide the vector field
into areas of different flow behavior. The literature (%, 20, 22,
14) describes different kinds of separatrices:

1. Eachtangent curve originating/ending in the critical point
and separating two sectorsisaseparatrix. Figure 2billus-
trates a separatrix which separates two hyperbolic sectors
of acritical point.

2. Separatrices do not necessarily touch any critical point.
They may go "from infinity to infinity" (or from one bor-
der line of the vector field to another one). Figure 3a
shows a vector field which consists of two attracting foci
(see classification in 8). The separatrix between the two
critical points does not touch any of them.

3. Separatrices may originate/end in acritical point without
separating sectors there. Figure 3b gives an example of
that. Here we have one repelling node (middle) and two
attracting nodes (left, right). Since each node consists of
only one parabolic sector, the separatrices shown in the
figure do not separate different sectors there.

4. Separatrices may be closed curves which do not touch
any critical point. Figure 3c gives an example. Here we
have two critical points. a saddle point and an attracting
focus. The outer separatrix originates and endsin the sad-
dle point and is therefore a separatrix of type 1. The inner
separatrix of type 4 separates a region of inflow into the
attracting focus and a region of circulation around the at-
tracting focus.

Figure 3: Types of separatrices; a) separatrix not touching a
critical point (type 2); b) separatrix not separating different
sectors in the critical points (type 3); ¢) inner separatrix is
closed curve (type 4).

2.3. Special vector fields

Although this section 2introduced the general concept of 2D
vector field topology, many applications focus on special
cases of vector fields:

(© The Eurographics Association and Blackwell Publishers 2002.

e Simple topologies. In the following we call a vector field
topology which consists only of first order critical points
and separatrices of the type 1 a smple topology. Simple
topologies can automatically be extracted using the ap-
proachesin 8.

e Gradient fields are vector fields which can be interpreted
asthe gradient field of a2D scalar field. If agradient field
has a simple topology, it consists only of attracting nodes,
repelling nodes and saddle points (8). The visualization of
3D gradient fieldsistreated in 1.

e Incompressible flows are described by avector field v with
Vv=0. If such avector field has asimple topology, it con-
sistsonly of saddles and centers (8).

3. Control polygonsto describe the topological skeleton

In CAGD, the skeleton of a curve/surface is described by a
set of control polygons. In asimilar way we want to describe
the topological skeleton of a 2D vector field as a certain set
of control polygons. Since the topology of a 2D vector field
consists of critical points and separatrices, we have to find
control polygons both for critical points and separatrices.

3.1. Control polygonsfor critical points

To describe a critical point consisting of n different sectors,
we use a convex closed polygon (po, ..., Pn—1) and a point
p inside this polygon. Then p denotes the location of the
critical point while the n separatrices are denoted by the n
line segments (p, po), (P, P1), -, (P,Pn—1). Since each sep-
aratrix has either an inflow or outflow behavior, each of the
line segments (p, pPo), (P, P1), ---, (P, Pn—1) has to be marked
either asinflow or outflow. Then the n areas of different flow
behavior are defined by the n triangles (p, pi, Pi+1) mod n)
fori=0,..,n— 1. If for an area (P, pi,P(i+1) mod n) POth
separatrices (p,pi) and (p,P(i+1) mod n) denote inflow (or
both areas denote outflow), the triangle (p, pi, Pi+1) mod n)
describes a parabolic sector. Otherwise it has to be addition-
ally specified whether the area should describe a hyperbolic
or elliptic sector. Figure 4aillustrates the control polygon for
acritical point consisting of 7 areas of different flow behav-
ior.

Figure 4: a) control polygon of a critical point consisting of
7 areas of different flow behavior: (h,eh,ep,h,h); b) control
polygon of afirst order critical point of index +1.
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Specid treatment is necessary for first order critical points
of an index of +1. These critical points consist of only one
parabolic sector; thus the general treatment described above
fails. To describe them we use a rectangle (po, p1,P2,P3)
with [|p1 —pol| = [IP2 — p1|| = [IP3 — P2/l = |[Po — p3]|. Then
the location p of the critical point isthe center of the rectan-
gle. In addition, for one of the vertices (for instance pg) the
flow direction vector vq hasto be specified. Then the rectan-
gle (po, P1,P2,p3) shall describe afirst order critical point
inp in terms of the following items:

e the angley between pg — p and vg

e theratio [|p2 — pol|/[lPs — P1l|
e the orientation of the rectangle.

Figure 4b illustrates the control polygon of afirst order crit-
ical point with index +1.

3.2. Control polygons for separatrices

We search for a curve scheme which has to fulfill two con-
ditions. On one hand we need a curve scheme of a high flex-
ibility and smoothness which can model even complicated
shapes by smooth curves. On the other hand we have to keep
the curve scheme as simple as necessary to construct vector
fields with exactly these curves as tangent curves.

We have chosen a piecewise Gt (tangent direction) con-
tinuous quadratic Bézier spline curve approach. As we will
see later in section 4, this class of curves can nicely be in-
corporated into a piecewise linear vector field. The Bézier
polygons of the curves are the control polygons of the sepa-
ratrices. Figure 5 illustrates an example. Note that these con-
trol polygons must not intersect any of the control polygons
of the critical points.

Figure 5: Separatrix as a piecewise G continuous Bézier
spline curve.

3.3. Example

To illustrate the complete construction of the topological
control polygon, we construct the topological skeleton of a
certain vector field of higher order topology as shown in fig-
ure 6. First we construct the control polygons of 3 higher
order critical points as shown in figure 6a. Aswe can seein
this figure, the upper critical point consists of 4 hyperbolic
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Figure 6: Constructing a topological skeleton: a) design
control polygons of general critical points; b) design con-
trol polygons of first order critical points of index +1; c)
design control polygons of separatrices; d) the final topo-
logical skeleton.

sectors, the critical point in the middle consists of 5 hyper-
bolic and one elliptic sectors, while the lower critical point
consists of 4 hyperbolic and one parabolic sectors. In the
next step, three more first order critical points of index +1
are constructed as shown in figure 6b. Then the separatrices
are designed as piecewise Gt quadratic Bézier spline curves,
as shown in figure 6c¢. The result is a complete topological
skeleton as shown in figure 6d.

This example also gives an answer to the question of what
size the control polygons for the critical points should have:
they should be as large as possible, but sufficiently small not
to intersect each other and to |eave enough space to construct
the separatrices in an appropriate resolution.

4. Constructing a vector field from the topological
skeleton

In this section we describe how to convert the control poly-
gons describing the topological skeleton into a vector field
of exactly the specified topology.

The vector field we obtain will be a piecewise linear vec-
tor field. To apply this class of vector fields, two problems
have to be solved:

e How to describe higher order critical points using piece-
wise linear vector fields?

e How to describe piecewise quadratic separatrices using
piecewise linear vector fields?

(© The Eurographics Association and Blackwell Publishers 2002.
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These two problems are treated in the sections 4.1 and
4.2. Then section 4.3 describes the algorithm to construct a
piecewise linear vector field of a given topological skeleton.

4.1. Higher order critical pointsin piecewise linear
vector fields

To describe higher order critical points by piecewise lin-
ear vector fields we adapt the main idea of 1. Given the
closed polygon (po,...,pn—1) and the critical point p in-
side this polygon, we construct the following initial trian-
gulation: p is assigned with the zero vector v = (0, O)T; pi
is assigned with the vector v; = A (pj — p) with A; # 0 for
i=0,...,n— 1. Thesign of A; depends on the inflow/outflow
behavior of the separatrix (p,pi). A positive Aj gives an out-
flow separatrix while a negative A; gives an inflow separa-
trix. The magnitudes of A; can be freely chosen at this state
of the construction process. To avoid numerical problems,
it is recommended that all A; have approximately the same
magnitude. For the following applications we have chosen
Ai = £1. Then the initial triangulation to describe the crit-
ical point is given by the triangles (p, pi, P(i1) mod n) With
the assigned vectors (V, Vi, V(iy1) mod n) for i = 0,...,n—1.
Figure 7aillustrates thisinitial triangulation for the example
shown in figure 4a.

Figure 7: a) initial triangulation for the example shown in
figure 4a; b) linear interpolation in all hyperbolic sectors;
c) linear interpolation in all parabolic sectors.

If asector (p,Pi,P(i41) mod n) describes a hyperbolic sec-
tor, a linear interpolation of the vectors (V. Vi, V(i;.1) mod n)
inside the triangle (P, Pi, P(i+1) mod n) IS applied. Figure 7b
illustratesthisfor al hyperbolic sectors of the example. Also
a linear interpolation is applied for al parabolic sectors, as
shown in figure 7c.

If the sector (P, i, P(i+1) mod n) describesan elliptic area,
the triangle (p,Pi, P(i+1) mod n) has to be refined by insert-
ing an auxiliary point g; with an assigned auxiliary vec-
tor wi, and considering the two new triangles (p, pi, gi) and
(P, G, P(i+1) mod n)- Describing g; and w; by

gi = apP-+PBPi+YPir1) modn
Wi = — (6Vi +SV(i+1) mod n)

with a +B+y=1and B,y,d,& > 0, we formulate the fol-
lowing constraints for g;, w;:

(© The Eurographics Association and Blackwell Publishers 2002.

e The triangles (p,pi,di) and (P.di,P(i 1) mod n) Must not
create new separatrices by applying alinear interpolation
inside them, i.e.

det((1—-t)pi+tgi—p, (I1—-t)vi+tw;) #0
det((1-t)q +1P(i+1) modn—P s
(1=t)Wi +tV(i1 1) modn) # O
forO<t<1.

e The tangent curves of the piecewise linear vector field

over the two triangles (p,pi,di) and (P, i, P(i+1) mod n)
which pass over the line (p,q;) are curvature continuous
(see 18 for computing the curvature of tangent curves)

o &+ — min.

These three conditions form a minimization problem with
boundary conditions. It has a unique solution for a, 3,y, 8, €
and therefore for gj and w;:

1
4 =3 (pi +P(i-+1) mod n)
1N L
2 X5t moan (V' +V(i+1) mod n)
_ Ai
for )‘(i+l) modn
Wi =
1A d
3 Mg motn (vi +V(i1+1) mod n)
for — )\# <1
(i+1) mod n

where Aj, A ;1) mod n @€ obtained fromvi = A; (pi —p) and

V(it+1) mod n = A(i+1) mod n (P(i+1) mod n — P). Figure 8 illus-
tratesthis.

b) Wi
vi
pi Vitl
a) Pit piti
Vitl C) Wi
Vitl
qi
i v i
p. (0.0) P b (0.0) P

Figure 8: Constructing an elliptic area: a) initial sector; b)
location of w; relativeto v; and v 1; €) refined triangulation
after inserting g; with w;; d) application to the example in
figure 4a.

If the critical point to be described is a first order critical
point of index +1, we construct a piecewise linear vector
field out of itstopological skeleton shown in figure 4b in the
following way: the vectors v; assigned to the control points
pi (i = 1,2,3) are computed by

[vill = Ivoll
angle(vi,pi —p) = angle(vo,po —p)

Then a piecewise linear interpolation over the two subtri-
angles (po,p1,ps) and (p1,p2,p3) gives the desired first
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order critical point. Figure 9 illustrates this. This way it
can be shown that any first order critica point can be
uniquely described by a configuration of the control poly-

gon (po. P1,P2,P3).

Figure 9: Constructing a first order critical point of index
+1; a) control polygon; b) resulting piecewise linear vector
field.

4.2. Piecewise quadratic separatricesin piecewise linear
vector fields

In 12 it has been shown that the tangent curve of a linear
vector field isin general a certain exponentia curve. In or-
der to describe a separatrix (i.e. aspecial tangent curve) asa
parabola segment, we search for a useful special configura-
tion of the vector field where atangent curve simplifiesto a
parabola. We formulate

Theorem 1 Let anon-degenerate 2D triangle (po, P1,P2) as-
signed with the 2D vectors (vgp,Vv1,V2) have the following
properties:

Vo = Ao(P1—Po) @
V2 = A2(p2—p1) 3
vy = %(Az(pl—poH)\o(pz—pl)) 4

for certain Ag, A2 > 0. Applying alinear interpolation of the
vectors (Vo,V1,V2) inside the triangle (po,p1,p2), the fol-
lowing statements for the resulting linear vector field hold:

1. The tangent curve passing through pg passes through p2
aswell.

2. Thetangent curve through po and p, has the same shape
(but not necessarily the same parameterization) as the
parabola defined by the Bézier points (po, p1,P2)-

To prove theorem 1 we have to show that for every point
on the parabola defined by the Bézier points (po, p1,p2) the
tangent direction and the direction of v at the curve location
coincide. Let

be the parabola where B2(t) are the Bernstein polynomials
(see?). Since 32 B?(t) = 1, the Bernstein polynomials can
be considered as the barycentric coordinates relative to the
points p;. Thus we obtain

2
v(x(t) = _;B?(t) Vi ®)
Inserting (2) - (4) into (5) gives

v(x(t)) ((1—t))\o+t)\2)

: ((1—t><p1—po)+t<pz—pl>)

= % ((17t))\0+t)\2) x(t) (6)

which proves the theorem. Figure 10 illustrates theorem 1.

Po

Figure 10: Illustration of theorem 1; a) illustration of condi-
tions (2) - (4); b) resulting vector field and parabola shaped
tangent curve.

Theorem 1 can easily be used to construct a piecewise
linear vector field which describes a G piecewise quadratic
separatrix of a given skeleton. Figure 11 illustrates this for
the separatrix shown in figure 5.

4.3. Thealgorithm

Now we can formulate the algorithm to construct a piece-
wise linear vector field of a given topological skeleton:

1. Construct the piecewise linear vector field inside the con-
trol polygons of al general critical points.

2. Construct the piecewise linear vector field inside the con-
trol polygons of al first order critical points of index +1.

3. Construct the piecewise linear vector field describing all
Separatrices.

4. Specify the flow direction vector in additional interesting
points and in the corner vertices of the domain.

5. Triangulate the remaining parts of the vector field using
only the already defined vertices, and apply a piecewise
linear interpolation on this triangulation. To do this, we
used a Delaunay triangulation. In this step no further crit-
ical points must be obtained. For a correct and complete

(© The Eurographics Association and Blackwell Publishers 2002.
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Figure 11: Constructing a piecewise linear vector field con-
sisting of a piecewise Gt quadratic separatrix; a) construct
vectors at the junction points using (2) and (3); b) construct
vectors at intermediate points using (4); c) resulting piece-
wise linear vector field and separatrix.

topological skeleton the appearance of new critical points
can be prevented by interactively introducing new auxil-
iary vertices and their assigned vectorsin the still uncov-
ered areas of the vector field.

The result of thisagorithm is a piecewise linear vector field
of exactly the same topology as specified in the topological
skeleton. Figure 12 illustrates this algorithm by construct-
ing apiecewise linear vector field to the topological skeleton
introduced in figure 6. This vector field with 3 general crit-
ical points and 3 first order critical points is constructed as
piecewise linear vector field consisting of 79 vertices and
138 triangles.

5. Simplification and compression of vector fields

In recent years the simplification and compression of vector
fields became a popular research topic in scientific visual-
ization. Flow data sets (and the vector fields derived from
them) are continuously growing, such that their simplifica-
tion and compression becomes significant in the visuaiza-
tion process.

Simplification of avector field meansfinding anew vector
field which keeps the most important properties but skipsthe
less important details. In 2 the topology of a 2D vector field
issimplified using area metrics. There the input vector field
has to be agradient field of asimple topology (i.e. only first
order critical points and separatrices of type 1). The output
vector field is a simple vector field with a reduced number
of critical points. In 3 the topology of simple gradient fields

(© The Eurographics Association and Blackwell Publishers 2002.

Figure 12: Constructing the piecewise linear vector field for
the topological skeleton of figure 6; a) construct piecewise
linear vector field for general critical points; b) construct
piecewise linear vector field for first order critical points of
index +1; c) construct piecewise linear vector field for sep-
aratrices, d) piecewise linear interpolation after Delaunay
triangulating the remaining parts; €) final vector field con-
sists of 79 vertices and 138 triangles; f) curvature plot of
e).

is simplified by using Morse complexes. In 19 a vector field
of arich smple topology (i.e. a high number of first order
critical points) is simplified by replacing clusters of first or-
der critical points by ahigher order critical point. Note that a
topological simplification of avector field does not necessar-
ily cause a compression. For instance the simplified vector
fieldsin 19 may even be bigger than the originals.

To compress avector field meansto find anew vector field
of smaller size which keeps important properties of the orig-
inal one. Compression algorithms are well-researched in the
context of images and scalar fields. So the first approaches
on compressing vector fields focused on adapting compres-
sion techniques of other data classes. This way 7, 17 and ©
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construct hierarchies of compressed vector fields. Unfortu-
nately, these techniques do not consider the topology of vec-
tor fields. In fact, the compressed vector fields may have sig-
nificant different topologies than the originals.

11 introduces the first approach to compress a vector
field while preserving its topology by applying a bottom-up
clustering similar to 17. Based on a topology based metric
for vector fields introduced in 19, compressed vector fields
with the same critica points classification are obtained.
The behavior of separatrices is not considered in 1. For
vector fields with a poor topology (i.e. only a few critical
points and separatrices), significant compression rates can
be achieved.

In the remaining part of this section we want to apply
the results of sections 3 and 4 to introduce a new topology-
preserving compressing technique for 2D vector fields of
a simple topology. Given a 2D vector field of a simple
topology, its topological skeleton can be extracted auto-
matically (see 8). The result of this extraction process is
the exact classification of al first order critical points, and
numerically integrated separatrices. To convert thisinto aset
of control polygons described in section 3, the numericaly
integrated separatrices have to be replaced by piecewise Gt
quadratic curve segments. This may be done interactively or
automatically by placing an appropriate number of sample
points on the numerically integrated curve and declaring
them as junction points of the parabola segments.

After the topological skeleton is constructed as shown in
section 3, a vector field of exactly this topology can be con-
structed following the approach of section 4. The new vector
field obtained this way has exactly the same topology as the
original one. It turns out that for vector fields with rather
poor topology, the new vector field is a compressed version
the of original one.

To demonstrate this compression algorithm we consider
the gradient field from one of Franke's data sets

(9x—2)2+(9y—2)? _ (9x=72+(9y—3)?
e 1 +ie @ )
2 2 (9x+1)2  (9y+1)?
—(OX=4)"+OY-7)" 4 3= — 10

s(X,y) =

g Nw

e

in the domain [0, 1]2, sampled by a 38 x 38 grid. This vec-
tor field was aready addressed in 11 where a topology-
preserving compression ratio of 90% was achieved. The vec-
tor field (7) is shown in figure 13a. Figure 13b shows its
curvature plot. (The curvature of avector field is studied in
18 Here it is sufficient to mention that the curvature of the
tangent curves are computed and color coded in every point
of the vector field in the following way: positive curvature
getsred color, negative color gets green color, the higher the
curvature the brighter the color is. This way critical points
appear as highlights, and the underling grid becomes vis-
ible due to the fact that tangent curves are generally not
curvature continuous in piecewise (bi)linear vector fields.)

After automatically extracting the topology, the first order
critical points are modelled as shown in figure 13c. Figure
13d shows how the separatrices are modelled in the piece-
wise linear vector field. (Since some of the separatrices in
this vector field are approximately straight lines, the trian-
glesto represent them collapse to line segments.) Figure 13e
shows the final piecewise linear vector field which consists
of 40 vertices and 68 triangles. Thus the compression ratio
to the original vector field is 95%. Some visual differences
between figure 13e and the original in figure 13a appesar in
regions rather far away from any critical point or separatrix.
Thisisdueto the fact that in these regions no information at
all is incorporated into the compression process. However,
the topology (and thusthe general flow behavior) of the orig-
inal and the compressed vector field are guaranteed to be the
same. Figure 13f shows the curvature plot of figure 13e.

Figure 13: a) vector field (7) ona 38 x 38 regular grid: 1444
grid points; b) curvature plot of a); ) remodelling the criti-
cal pointsas piecewiselinear vector field; d) remodelling the
separatrices as piecewise linear vector field; €) completere-
modelled piecewise linear vector field consists of 40 vertices
and 68 triangles: compression ratio 95%; f) curvature plot
of e).

(© The Eurographics Association and Blackwell Publishers 2002.
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Another example of avector field with aricher topology is
shown in figure 14. Figure 14ashows afragment of adata set
which describes the flow of abay area of the Baltic Sea near
Greifswald (Germany). It consists of aregular 34 x 34 grid
and has therefore 1056 grid points. Figure 14b showsits cur-
vature plot. Figure 14c shows the construction of the critical
points as a piecewise linear vector field. Figure 14d shows
the construction of the separatrices. Figure 14e shows the
complete remodeled piecewise linear vector field consisting
of 124 vertices and 226 triangles. This gives a compression
ratio of 79% in comparison to figure 14a. The curvature plot
in figure 14f both reveals the underlying triangulation and
shows the effect of compression in comparison to figure 14b.

Figure 14: a) fragment of a flow data set of the Baltic Sea
consisting of a 34 x 34 regular grid: 1056 grid points; b)
curvature plot of a); c) remodelling the critical points as
piecewise linear vector field; d) remodelling the separatri-
ces as piecewise linear vector field; €) complete remodelled
piecewise linear vector field consists of 124 vertices and 226
triangles. compression ratio 79%; f) curvature plot of €);
data set provided by Department of Mathematics, University
of Rostock

(© The Eurographics Association and Blackwell Publishers 2002.

The topol ogy-preserving compression algorithm introduced
here gives high compression rates if the original vector field
has arather poor topology. This means only few information
is necessary to describe the topology. In fact, the compres-
sion ratios are higher than the only comparable approach
in 11 although our approach also considers the separatrices
which are omitted in 1.

However, for a rich topology a higher amount of infor-
mation is necessary to describe it. Hence the compression
ratios are lower. In fact, for very rich topologies even neg-
ative compression ratios are possible. (Imagine for instance
a piecewise hilinear vector field with two critical points in
each cell of the underlying grid.) However, topology extrac-
tion agorithms have been developed especially for vector
fields with rather simple topologies. Nevertheless, the avoid-
ance of negative compression ratios of our agorithm should
be part of future research.

6. Conclusions and futureresearch

We have presented an approach to design 2D vector fields
of any topology out of a set of control polygons describ-
ing the topological skeleton. This approach can deal with
all kinds of critical points and separatrices. The result is a
P continuous piecewise linear vector field. Due to its well-
defined topology it can serve as input data to evaluate the
topological behavior of vector field visualization techniques.
Furthermore we applied the design approach as a topology-
preserving compression technique for vector fields with a
simple topology. This way the complete topology (i.e. crit-
ica points and separatrices) is preserved during compres-
sion. For vector fieldswith arather poor topol ogy, significant
compression ratios can be achieved.

For future research, the following problems have to solved
concerning the compression approach:

e To reduce the visual differences between the original
and the compressed vector field, additional sample points
can be incorporated into the triangulation. These sample
points points might be chosen automatically or interac-
tively. Thisway it might even be possible to introduce hi-
erarchies of newly inserted sample points.

e To avoid possible negative compression ratios, ap-
proaches should be developed to apply the method only
in regions of locally poor topology and leave the remain-
ing regions untouched.

e Another way to avoid negative compression ratiosisto ap-
ply a controlled topology simplification agorithm before
applying the compression algorithm.
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